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Vectors, tensors, metric

Albert Einstein made a revolutionary step when he considered to treat gravity in
pure geometrical notions. He changes the notion of gravitational force with the
notion of curved geometry. Therefore understanding properties of the geometric
objects like vectors, tensors and metric is crucial [1, 3, 9].

Contravariant components of a vector A in the coordinate system z! are given

| 2

as

A= (A, A2) = (2932, ;g&) . (1.1)

Determine the components of A with respect to coordinates z*, which are
given via change of coordinates

/! .
¥ = z'sin xQ,
!
22 = z'cosz®.
Solution: The Jacobi matrix reads
i’ oz 9zt .9 1 2
ox sinz T CcosT
— | 92T 92 | — (1.4)
j - ) 2! 9 2/ - 2 _ 1 2 . .
ox) 836 - 6:(: 2 COS T rosmnx
T X

The components of A and A" of the vector A are related according to the
formula

AT = AT (1.5)



Problem set for relativistic physics and astrophysics

which gives us:

, B 1 o iy 1
Al = 7821 Al 4 %AQ = 22%sin2? + 5(1‘1)2 cos 2
and similarly
, o 2/ o 2/ 1
A = S AN oA =20 cosa — (o)) sina.

Let the transformation z — z’ be given as

!
= 9:1—332,
!
2 = a:1+x2.

Further, let the contravariant components of the tensor T with respect to x

be as
T 1, T2 2 g o, T22 00,

(1.10)

What are the contravariant components of this tensor with respect to coordi-

nates z'?

» Solution: In this case the Jacobi matrix reads

o' _ | G G | U1 -1
ori | 0z 92 1 1|
Ozl Oz2

(1.11)

Kontravariant components of the tensor 7' transforms according to formula

oz* 0xI
Hence, we obtain the result
VY ol 22 g 0o,
V2 ol 22 g 00,
T2V ol 22 g 00,
T2/2/ — Tll + T22 =14+ 00.

(1.12)



Vectors, tensors, metric

Again, let us consider a change of coordinates z — z’ described this time via

equations
2V = 2! 4322 — 47, (1.17)
¥ = —a' =227+, (1.18)
@ = ol (1.19)

Find the Jacobi matrix for this transformation and corresponding matrix for
the inverse transformation.

» Solution: The Jacobi matrix is clearly as follows:

i’ 2 3 -1
8 7
[;J.] -1 —2 1 (1.20)
v 1 0 0
Using Gaussian elimination method we determine the inverse matrix:
; 00 1
8 7
[afj] =11 1]. (1.21)
. 2 3 -1

The relation between Boyer-Lindquist coordinates and Kerr ‘ingoing’ coordi-
nates are given as

ey = e (1.22)
9 27"2 + a?

ew = —riepdri—— (et +Qey), (1.23)
1

€y = —@eg, 124)

ey = e, (1.25)

Find the Jacobi matrix for the inverse transformation.

» Solution: Comparing a general transformation relationship between the base
vectors )
o'

1.25) we obtain a Jacobi matrix in the form

ey (1.26)

with the transformation (1.22)-

—~

r2 T2+a2
, 1 rrded) 5] L0 o0
¢ 0o -r 0 0
—| = 1.27)
[ b'] 0 0 ——= 0 (
Ox (2 a?) sin? 0
0 ~a 0 1
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Employing Gaussian elimination method we obtain the Jacobi matrix for the
inverse transform as

oz B
oxe |

Derive symmetric and anti-symmetric parts of a tensor T,; which in two-
dimensional space has components

2,12
1+Z/u 0

(1.28)

o oo~
o
|
T
|
3&;

Tn=1 Tio=p0, To1=-20 a Ty =np (1.29)

» Solution: The symmetric part is given as

1
T(ab) = 5 (Tab + Tba) . (130)
Which yields the result
1
Tay =1, Tuay=T@y=—50 a Tpz =p (1.31)

2

On the other hand, the anti-symmetric part reads

1

Tia) = 5 (Tab = Toa) (1.32)
which gives us
3
Thy =0, Taz=-Ta)= 50 @ Ti22) = 0. (1.33)
The line element on a 2-sphere is given as
di? = d6? + sin” fdp*. (1.34)

At the point P = (6, po) a vector has contravariant components in the cor-
responding tangent space with respect to coordinate basis as follows: V =
(V0 V*®) = (20, —bp). Determine its covariant components V; at the point P.

» Solution: The relationship between contravariant and covariant components
is

Vi = gi; V7, (1.35)
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where the components of the metric tensor g;; are

951 = [ o wnte | (1.36)
Hence, at point P we have
Vo = go; V7 = gooV? + g0, V¥ = 2000 (1.37)
and
Vi, =g, V7 = gwgVe + g V¥ = —0g sin” fp. (1.38)

Prove that

(a) two-dimensional metric space with a metric
ds? = —v?du? + do? (1.39)
is a flat 2-D Minkowski spacetime with a line element
ds? = —dt* 4 da”. (1.40)

(b) for unaccelerated particle the covariant component of a 4-momentum p,,
is constant but p, is not.

» Solution:
(a) It is easy to see that the transformation (u,v) — (¢,x) given by

t = wsinhu, (1.41)
x = wcoshu (1.42)

transform (1.40) into (1.39). Infinitesimal increments dz and dt¢ are given
as

dt = dvsinhu + vcoshudu, (1.43)
dz = dvcoshu+ vsinhudu. (1.44)

Substituting this into (1.40) yields the result

ds® = —dt? + da? = - - = —o?du? + do?. (1.45)
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(b) The Hamiltonian which leads to geodesic equations has a form

1 1 1 _
H = =¢"papy = 5(p)* — 5072 (pu)*. (1.46)
2 2 2
From Hamilton equations we see

d OH

% = 5L = 0 = p, = const, (1.47)

d OH _

d]ii) = 5= 3(py)> = py, # const. (1.48)

Prove that the conformal transformation of the metric, i.e. gg — f(2¢)gap for
an arbitrary function f, conserves angles. Show that all null curves remain
null after the transformation.

» Solution: At a given point, local angle o between two vectors A, B is given

by a relation
A-B GapA®B®

[AIIBl  \/gapA®AP\/gay, BB’
Calculating the angle o’ between A, B with respect to metric f g., we obtain
fgabAaBb o f gabAaBb
V f9abA“ A/ fgapBOBY  f /gap A AP/ go, B4 B

Further, let £ be a null vector, that is a vector which components satisfy

Cosx =

(1.49)

COS Oél =

= cosa. (1.50)

gabk“ k> = 0. (1.51)
In conformal metric, however

Fgapk®k? = 0. (1.52)
Hence the null vectors remains null after a conformal transformation.

Determine a magnitude of 4-velocity and 4-momentum with contravariant

components _
_dz
Cdr
where m is the rest mass of a particle and 7 is its proper time.

U’ a P'=mU", (1.53)

» Solution: In a metric space, a square of the vector U = U'e; reads

dzt da?
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However, at the same time

ds? dz? dad

I g G (1.55)

ds? = gijdxida:j =

The relationship between spacetime interval ds and proper time dr is (with
the speed of light ¢ = 1)
ds? = —d7°. (1.56)

These equations points to the result

U? = g;;UU' = -1 a P?=g;P'Pl=-m’ (1.57)



Covariant derivative,
connection, curvature

In order to describe change of a vector or a tensor in curved spacetime we need
a new operation of derivative. Here, the properties of covariant derivative,
connection and curvature are practised. For detailed definitions see [1, 3, 9].

Determine transformation properties of a geometrical object with com-
ponents OV /dz7

» Solution: Let us consider a transformation #’ — x together with its
inverse x — x’/. We calculate

oV oz’ VY 9r' ((%:i/ Vj>

ozd’ Oxi Ox'  Oad 0z \ Ox

_ 0a [0a" OVY v 0%a”
oz \ Oxi Ozt OztoxI

0z’ 9" OV Oz 9P’
= et —— V7, (2.1)
Oz Ox) Ox* = OxI Ox*Oxt
First term of the resulting transformation relation is a transformation
of a (1,1) tensor but the non-zero second term causes that the partial

derivatives of vector components do not behave as a tensor.

From the definition of covariant derivative determine a transformation
rule for components of affine connection I‘;k.



Covariant derivative, connection, curvature

» Solution: Covariant derivative of contravariant components of a vector

V is . ‘ 4
ViV =0,V 417, VF. (2.2)
Considering a change of coordinates 2’ — x we have
vVl o= o 41 Ve
g . . . W
_ (%U{ Bxi GV? . aa:i 8?:69 Vi Ox Fj/k/~,Vk
Oxd 9z 9zt OxV Oxtdxd ozk ¢

3’ { J
_ |from def. (2.2)| = 2297 (W

_ J k
029 9zt \ Ot MR > (23)

Hence, we get

ozl 9z i e O oL AP, LY
oy 2y vk 2.4
Oxd Ozt~ ki OxV Ox'0xI + Oxk = K1 (24)
which after some algebra yields a result
PNy b oA ,
o O™ Ox? Oz _; ork 0xt 0% (2.5)

KT 9ak 9z 927 K 9z 97 Oxidxk
It is clear that the components of affine connection do not transform as
a tensor.

Determine how the components of an affine connection transform.

» Solution: Let us consider a free falling observer with coordinates £%. A
free particle with respect to this observer will obey equations of motion

d2 a

ey
dr?

From the point of view of an observer on the surface of a star (for example)

with coordinates z® the equations of motion will be as follows. Since the
coordinates {¢ are functions of z® from (2.6) we get

Ay | d(oedat
dr \ dr -~ dr \ox+ dr
o> A2zt 0%¢>  dat dz¥
= = 2.
Ozt dr? +3a:”(“)xl‘ dr dr 0 (2.7)

We multiply this equation by 0z /90“ to obtain

d%z° da* dx”
re ——_ 2.8
dr? mWodr dr’ (2:8)

(2.6)
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where we introduced
_ oz’ 82 fa
pe 0™ QxHdxv”

[

(2.9)

Further, let us consider a transformation of coordinates ' = 2/#(z") and
from (2.9) we determine how the affine connection transforms.

First, let us establish following relations

ozt B ozt (27 (£7)) B ozt dx”

a¢ o 0a B¢ (2.10)

and ‘ ' '
o 9¢(a(x)) _ 0¢' 9a”
oxP" ozP ~ OxP 0xP"

Using these we calculate:

(2.11)

/

r

o 0¥ 9% 0¥ 9% 9 <8x7 aga>

By T 9ge 9xBoxY T Oz 9Ee fxP \ 9 Ox
oz dx™ (9T 927 oz 0xP B2
Dz D7 <8m7 027027 "+ a7 0aF mﬂaw)
dx® 97 9P _, oz 9%a®

= — T —_— 2.12
9z 9z 9P B + 0x® 0xP ox' ( )

We obtained and alternative form of a transformation rule for components
of an affine connection (compare with (2.5)).

Show that the quantity

DA, 0A,

A = oz’ Oxh

(2.13)

transforms as a tensor.

» Solution: Partial derivatives of covariant components of a vector trans-

form as
0Ay 0P 0A _ orf o [ oz
oxB 9xB 9xB  9xP dxP \ 9x ¢
dr® dxP DA, 02z

= 927 2P 028 T 97 0P Aa- (2.14)

,10,



Covariant derivative, connection, curvature

Now it is a simple matter of putting this expression into (2.13) to obtain:

A . 0Ay B 8AB/
BTGB
dr® dxP DA, 9%x°
= + A

0z 0xP" 0zP Oz Oxb’ 7
0z 0z 0Ag 0%x° A
928 0z Bz §xP oxe T C
9z 9P <8Aa 8A/3> oz 9P

0rY 08 \ 928~ 9z ) ~ 920 928 Aap. (215)

As we see, the quantity defined in (2.13) indeed transforms as a tensor!

Determine components of a metric connection on a 2-sphere, which has
a line element

di? = d#? + sin” Odp?. (2.16)
» Solution: Components of a metric connection in coordinate basis are
given by a formula
, 1 .
I = 5918(—9]'1@,3 + 9sjk + Gks,j) (2.17)

from which we easily obtain all non-zero components as

Faw, = —cosfsinb, F“’W = ngo& = cotg 0. (2.18)

Calculate elements of a Riemann tensor, a Ricci tensor and a Ricci scalar
given the following line elements:

(a)
di?2 = dr? + r2dy?, (2.19)

(b)
di? = d#?* 4 sin” 6 dy?. (2.20)

» Solution: The components of a Riemann tensor are by definition
Rijkl = Fijl,k =T T s — stkr‘ilsv (2.21)

while the components of a Ricci tensor and of a Ricci scalar can be ob-
tained as

Rj =R, R=R,;=g"Ry. (2.22)

— 11 —
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In two-dimensional space there is only one independent component of a
Riemann tensor. The remaining non-zero components follows from its
symmetries:

Rijii = —Rijik = —Rjin = Ry, (2.23)
lekl + R’Lljk + lelj = 0 (224)
By direct calculation we get

(a)
Ry, =0, Ryp=0 and R=0 foralli,jk,l (2.25)

Thus, we get a flat space.
(b) The independent component is, e.g.

R? 4, = sin 0. (2.26)
Hence,
' 0 .2
Ryy = Ry, =Ry, + R, =sin"0, (2.27)
Rgg = Ry = Rppy+ R = 992900 R’ g, =
.92
=1 2.28
sin® 6 S ( )
and
—Jip . — pp 00 _ 1 2 _
R=g"Rjj=9"" Ry, + 9" Rgg = '208111 0+1=2. (2.29)
Sin

- 12 —



Differential geometry,
Maurer-Cartan structure
equations

The concept of differental forms enables one a coordinate independent defini-
tion of geometric object. Introduction of tetrades simplifies analysis of physical
phenomena in strong gravity since there physical laws take, locally, the same
form as in flat spacetime [1, 3, 9, 7].

Let us consider a tetrade of base vector e,, where a = (0, 1, 2, 3), which does
not need to be orthonormal. A dual tetrad of base 1-forms w® is defined via
relation

eq - wb = 3%, (3.1)

where 0; is a four-dimensional Kronecker’s delta. The spacetime interval is
then given as
ds® = gapww?, (3.2)

where
Jab = €4 - € = ga@egef (3.3)

are tetrad components of the metric. Usually, we choose an orthonormal basis
so that gu = nep = diag(—1, 1, 1, 1).

In curved spacetimes an important role is played by the spin connection 2%,
which are connected to tetrad components of Christoffel’s symbols I'j, via

—13 —
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relationship
QY =Ty we. (3.4)

The exterior derivative of base vectors is defined via spin connection:
deg = e, @ Q°,. (3.5)
Then, exterior derivative of the metric satisfies
dgab = Qab + Qpa- (3.6)

For the spin connection there an important 1. Maurer-Cartan structure equa-
tion, which in the case of torsion-free spacetime (with metric connection) has
a form

dw?® = —Q% AW, (3.7)
where A indicates exterior product of 1-forms.

To describe a curved spacetime is useful to introduce 2-forms of curvative,
which are related with tetrad components of Riemann’s tensor via relation

1
Rab = 5 abcd WC A wd. (38)

These 2-forms then satisfy 2. Maurer Cartan structure equation

Rab = anb + Qac /\ ch (39)

Using Maurer-Cartan structure equations determine a spin connection,
2-forms of curvature and based on those calculate tetrad components of
Einstein tensor for Friedmann closed universe.

» Solution: Spacetime interval between two close events in Friedmann
closed universe has a form

ds? = —dt? + a(t)*[dx? + sin? x(d6? + sin? Ad?)], (3.10)

where (x, 0, ¢) are co-moving space coordinates and ¢ is a cosmic time
as perceived by a typical observer carried away by cosmic expansion.

— 14 —



Differential geometry, Maurer-Cartan structure equations

Orthonormal tetrad of base 1-form of such an observer is then given as

wh = dt, (3.11)
wX = ady, (3.12)
W' = asin xdé, (3.13)
w? = asinysinfde. (3.14)

With respect to this orthonormal base (gq» = 745) the spin connection is
antisymmetric (viz (3.6)): Qu = —%q. Then, there exist 6 independent
components of a spin connection, which are determined by 1. Maurer-
Cartan structure equation (3.7) using antisymmetry of exterior product
and the property of the exterior derivative, namely d?> = 0 (Poincaré
lemma: the boundary of the boundary is zero):

~ ~ (‘I ~

Qkf = Qtl; - 5Wk7 k= {X? 07 (p}v (315)
, . 1 5

Q. = —0X = Zcot o — do 3.16
s 5 = zootg xw” = cos xdo, (3.16)
R . 1 R

0. = —0QX = “cot ¥ = in 6d 3.17
< 5=, g xw cos x sin fdy, ( )
R 5 1 R

Q. = -0 = —cotgbuw? = cosfde. (3.18)
0 ¥ asiny

The 2-forms of curvature can be determined by putting the spin con-
nection into 2. Maurer-Cartan structure equation (3.9). The non-zero
components are

RE = %wf/\wk, kE={x, 0, ¢}, (3.19)
2

P a 1

X = [() T2

Non-zero components of a Riemann tensor in orthonormal tetrad can be
extracted directly from the relation (3.8). We get:

Wk /\wz, k,l={x,0, ¢}, k#1. (3.20)

P i i G
.\ 2
X _ ot i _ (4 1
RY ;= Ry,=R . = <a> + . (3.22)

,15,
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Contracting Riemann tensor we obtain tetrad components of Ricci tensor
and by its contraction we get Ricci scalar:

Ry = ng,;g:_?’a, (3.23)
Ry = B 0o (8Y L L Jp g, (3.24)
XX kX T a a2 00 PP :
Ry L LA (3.25)
N 7 a a a? '

Finally, the components of the Einstein tensor in orthonormal tetrad are
determined via G; = R.; — (1/2)n,; R:

a\? 1
Gf{ = 3[<a> +¥

G = Ggg=Gpp =~

: (3.26)

(3.27)

Using Maurer-Cartan structure equations determine the components of
Einstein tensor in Schwarzschild spacetime. Use an orthonormal basis.

» Solution: Spacetime interval between two neighbouring events in Schwarzschild
spacetime has a form

ds? = =2 de? 4+ ¥ dr? 4 12(df? + sin? 0de?). (3.28)

The orthonormal tetrad of base 1-forms reads:

wh = evdt, (3.29)
Wwho= P, (3.30)
W = rdd, (3.31)
W = rsin Ode. (3.32)

The ensuing calculation follows the same beats as in the previous example.

,16,



Differential geometry, Maurer-Cartan structure equations

The non-zero components of Riemann tensor are, then:

R = —e (" +ad?-dp),
Rféié = R£¢f¢ = _%ale_% ;
Ry = Rprp = %5’9,*25 :

(3.33)
(3.34)

(3.35)

(3.36)

Using these we obtain non-zero components of the Einstein tensor as:

Gij = ~fe 5+T—2(1—e ),
2, _ 1 _
G,p,ﬁ = ;O/e 28 — 7'72(1 — € Qﬁ),
1
Gjo=Gop = ;e_Q’B(ra" +ra? —rd B +a - B).

(3.37)
(3.38)

(3.39)

Let us consider an arbitrary, stationary, axially symmetric spacetime.

(a) Calculate angular velocity for ZAMO observers. (ZAMO = Zero

Angular Momentum Observer)

(b) Tetrad of base 1-forms of a ZAMO observer in Boyer-Lindquist co-

ordinates is given by

W = |git — W29<p<p|1/2dt
w? = (g¢<p)1/2(dg0 — wdt)
W= (ge)2dr

W = (g909)*/2d0.

Find vectors of dual base.

(¢) ZAMO is not an inertial observer. Find its 4-acceleration.

— 17 —



4

Lie derivative, Killing
vectors®

Killing vectors uncover symmetries of the spacetime, they are solutions of the
Killing equation. The symmetries of the spacetime are connected with con-
stants of motion. Using the symmetries one can strongly simplify equations
of motion to get qualitative and quantitative insight into particular physical
problem [1, 3, 9].

Show that Lie derivative of a metric is zero L¢g = 0 is equivalent to
satisfying Killing equation &, + .., = 0.

Show that

(a) a commutator of Killing vector fields is again a Killing vector field,
(b) a linear combination of Killing vectors with constant coefficients is a
Killing vector too.

Find all Killing vectors of a 2-sphere.

» Solution: A line element on a surface of a sphere can be written in
angular coordinates (6, ¢) as:

ds? = d§? + sin? 6dp?. (4.1)

Writting down Killing equation §,,., +&,.,, = 0 for specific values of indices

,18,



Lie derivative, Killing vectors*

W, vV gives:

pw o= v=_=0: 0p€p = 0, (4.2)
L = v=q: 0,€, = —sinf cos 6y, (4.3
p o= 0, v=p: 0,8 + 0p€, = 2cotg H,. (4.4)

The first equation (4.2) is solved as
o= f(¥), (4.5)
where f(p) is as yet unknown function. Putting this into (4.3) we obtain
£, = —F(p)sinfcos + g(6), (4.6)
where F(¢) = [ f(¢)de and g(f) are again unknown functions. Substi-

tuting for 59 and &, in (4.4) we get, after some algebra, an equation in
separable form:

df dg

—+ F — | == —2gcotg 4.7

L) = - (5 - 20c0e0) (4.7
Since the left side is a function of ¢ while the right side of 8, the equality
is maintained only if both sides are equal to the same constant, say k.
Thus, the equation (4.7) reduces to two pieces:

/ fly = k, (4.8)

@ —2gcotgd = —k. (4.9)

If we differentiate (4.8) by ¢ the result is
d2f = asinp + bcosy, 4.10
72+f(@) —0 N f(») 14 ‘90 ( )
de F(¢) = —acosp+bsing. (4.11)

Plugging f(¢) into (4.8) we learn that k = 0. Then, the equation (4.9)
is easily solved by the method of separation of variables, which after
integration yields:

g(0) = csin?4. (4.12)

Covariant components of a Killing vector are given by (4.5) and (4.6).
After substituting for f, F' a g we obtain the result:

& = asing+ bcosp, (4.13)
£, = singcosp(acosy —bsing)+ csin? 6. (4.14)

—19 —
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We determine contravariant components through relation ¢ = g”fj.
Hence, the Killing vector in coordinate basis is given as

0 0
=0 e~
3 §ae+£ B

(asin ¢ + bcos gp)% + [cotg B(acosp — bsinp) + c]a(?p (4.15)

We can see that due to the existence of integration constants the Killing
vector can be written as a linear combination of two basic Killing vectors

X3 = sin @6989 + cotg 0 cos goai, (4.16)

X2 = cos 80889 — cotg 6 cos (,03(1, (4.17)
3}

X3 = —. 4.18

. = o (1.18)

These satisfy the commutation relation
[Xi, Xj] = €5 Xk, (4.19)

which are analogous to the well-known commutation relations for opera-
tors of angular momentum. Correspondingly, vectors X; are generators
of the SU(2) group.

If £(x) is a Killing vector field and u a tangent vector to a geodetic, show
that £ - u is a constant along this geodetic.

If ¢ is a Killing vector and T is a energy-momentum tensor , show that
JH =THE, is a conserved quantity. What is the corresponding J in the
case of a timelike Killing vector?

— 20 —



Momentum, spin*®

Angular momentum and spin are key concepts describing rotation. In general
relativity one needs covariant equations describing physical quantities. This

section provides examples supporting students understanding of those concepts
2, 3].

Show that the total angular momentum of an isolated system in Minkowski
spacetime

JB = / (20TP0 — 2PT0) a3y (5.1)

(a) is a conserved quantity,

(b) is not invariant under the translation by a constant vector a®.

» Solution: (a) Let us split the conserved charges into spatial components
JY — these are consequence of invariance under rotations and, hence,
are angular momenta of the fields — and other three elements J°, which
represent conserved charges resulting from invariance under boosts. Let
us demonstrate that they are conserved one at the time. For angular
momenta we have

dJu d

dt dt

/(xiTjO — ijiO)d3x = /(miaoTjo — xjaoTiO)de

— /(Jci(')ijk — 219, T™) 3z = /(Tﬂ' —T9)dPz =0. (5.2)

In the second line, we have first used equation of continuity 9,7 =
90T + 9, T = 0 and then we used per partes to move derivatives onto

— 21 —
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the z"’s. Finally, the conservation of the angular momenta follows from
symmetry of energy-momentum tensor 7% = TY*. The conservation of
‘boost charges’ is demonstrated as follows:

dJiO d 1100 30\ 13 % 00 30 10 13
% - T (mT —tT )d T = (a: 0T — T —toyT )dx
_— (5.3)

Again, in the second line we have used the fact that 9,7°* = 0 and then

used per partes to move J, onto 2°. Then, using the fact that 70 = 7%
and further noticing that the last term at the end of the second line is a
boundary term which we assume to vanish, gives us the desired result.

(b) Due to the explicit dependence of J*? on coordinates in the argument
of the integral a shift % — x® + a“ translates the tensor as

JoP — g 4 / (a®T™ — aPT0) Pz = J*P + a®PP — P P*,  (5.4)

where P? is the total momentum. Obviously, the quantity a®P? — a® P*
does not vanish in general and, therefore, J*? is not invariant under
constant translation of coordinates.

Show that a spin 4-vector in flat spacetime
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1
S, = —56%375J67U5 (5.5)
is

(a) a conserved quantity.

(b) invariant under a tranlastion by a constant vector a®.

Here, u® = P/(—PPP3)'/? is a 4-velocity of the center of mass and
P = [ T3z is total momentum.

Solution: (a) This is obvious since S, only depends on invariant charges
J and P?.

(b) While u® does not change under constant translation, J*?* does. How-
ever, the change of spin 4-vector

1
05 = —S€apns (a”P7 = a"PP)u’ = —\/=P1Peqpysa’u’u’ =0, (5.6)



Momentum, spin*

vanishes due to antisymmetry of €,5+5.

Show that a spin 4-vector is orhtogonal to its 4-velocity u®.

» Solution:

1
Squ® = —§ea575J/37u6u°‘ =0 (5.7)

since €q4vs = —€58ya-

Show that for the angular momentum in the center of mass frame it holds

Jo"guﬁ =0:
» Solution: In center of mass frame we have
0= / TPz,  Pi= / T4z = 0. (5.8)
(Notice that the second equality is a time derivative of the first). There-
fore, in the center of mass frame u; = 0,up = —1 and
JPug = —J%=0 (5.9)
JPyg = —J0=— /(;viTOO —tT")d*z = 0. (5.10)

Show that a spin vector of a gyroscope, which is free of any external forces
obey the equation for Fermi-Walker transport.
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Test particles follow the geodesic lines of given spacetime. In order to resolve
their motion one has to solve the geodesic equations. The constants of motion
are connected with corresponding Killing field and is equivalent to statment
that if metric does not depend on particular coordinate explicitely then there
is an integral of motion, associated with that coordinate. Those concepts are
practised in this section, devoted to the geodesic motion [1, 2, 3, 9].

Show that the Hamiltonian for free test particle taken as
H= 59 Pilj (6.1)
leads to the geodesic equation.

» Solution: The geodesic equation is derived from the Hamilton’s equa-

tions
dpp ~ OH da® _ OH (6.2)
dr — 0zF’  dr  Opy’ )
Substituting for the Hamiltonian H we get
dpk 1 agij
dr 204000 (6:3)
At the same time, however, it holds
dpr  d dp® ks
= 3 Gksp”) = ks 0 T (6.4)
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Here we used the second Hamilton’s equation, which in our case leads to

dzF 1 i Opi 1 ,; Opj ;
— _ a9 . gy, 28I — kg, . — k. 6.5
ar 27 8}0ka+ 27 Vigp, — 9 TP (65

Combining equations (6.3) and (6.4) we obtain

dp* _ 10gY - Ogks ;
Tk qr T T2 gk PP T P
1 4 50 O9ks
= 3997 Gpipi — PP (6.6)

At this point it is necessary to recall the following identity:

0 /i a5t dgit i 51005s
gak 0790) = i =02 pp = =970 5 (61)
The equation (6.6) leads us to
dp® 1 1 1 .
Ghs g = SO kDD = SGksi'D" = 5 Gk il'P"
. 1 1 1
= [i =1l = 505D = S9ks10'P" = S0ks P’
T _ 1 I s 1 l s 1 sl
= [in 3rd term I «— s| = Sg1540' P° — 59ks 1D P° — S9KLsP"P
1
= 3 (Gis e — Grs) — Ghis) DD (6.8)
At the end, we clearly obtain
dp* 1 dp* -
i 59“ (=Giss + st + gris) P'p° =0 — s I p'p® =0. (6.9)

Determine geodesic equations for a test particle on 2-sphere with the line
element
ds? = d6? + sin® Ady?. (6.10)

» Solution: We will use the result of the previous exercise and find the
equations of motion from Hamilton’s equations. Hamiltonian of a free
test particle on a 2-sphere is given as

L 1 2 2
H = 5g"pip; = 5(pe)” + (Py)”. (6.11)

2 2 2sin26
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The Hamilton’s equations read

dpg OH  cotd :

E = —% = m(pw)2 = cot 081n2 0(p¢)2 (612)
At the same time, it holds py = p? and, hence, we obtain the #-component
of the geodesic equation in the form

dn?
di = cot fsin® O(p*)>. (6.13)
-

For the p-component of momentum we have

d H
% = —290 =0 = p, = const = K = sin” fp®. (6.14)

The resulting equation is thus

1
¢ —
p sin? 6

(6.15)

Vacuum, static and spherically symmetric solution of the Einstein’s equa-
tions is given by Schwarzschild metric which in Schwarzschild coordinates

reads
-1
ds? = — (1 - QG;M > de® + (1 - QG;M > dr? + r?d6” 4 r* sin® 0dp”.
c?r c?r
(6.16)
Find integrals of motion and in Newtonian limit determine their physical
meaning.

» Solution: The Hamiltonian of a free test particle in the spacetime with
metric g, s given as

1
H = ig“Vp#py. (6.17)
It follows from Hamilton’s equations
dpa OH
_— = 6.18
dr ox® ( )
for p; and p, that
dpy dpgo
— =0and — =0 6.19
dr M4 ’ (6.19)
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since the Hamiltonian H does not explicitly depends on ¢ and ¢. Thus,
we have found two integrals of motion, namely

pe =K1 ap, = K. (6.20)

In the limit » — oo, Schwarzschild spacetime becomes Minkowski space-
time (we say, that Schwarzschild spacetime is asymptotically flat). The
components of 4-momentum has the following interpretation:

o dz® dz®
where v = 1/\/1 =V2/c2 a V? = [V']?2 4 [V9)? + [V¥]2. From this we
obtain
. dt
P =myeqg, = yme = E/c, (6.22)
and hence
Ki=p=—p'=—-EJc (6.23)

For the second integral of motion it clearly holds:

d
p¥ =ym— = ym—— = v—. (6.24)
r
If V <« ¢ we have v = 1 and so

Ky = p, =r*p? = L. (6.25)

Show that motion in central plane of Schwarzschild spacetime is stable
agains latitudal perturbations.

» Solution: The equation of motion for the latitudal coordinate is given as

dp’ cos o 2 .,
— = ———-L"—-p"p". 6.26
dr  r4sin36 PP (6.26)
Without the loss of generality we can assume that the motion takes place
in the plane § = 7/2 a r = ro = const. Let us further assume a small
perturbation 06. Let us seek the solution of the equation (6.26) in the
form 6 = 7/2 + §6. We obtain, to the first order in 6
. 2
00 = ——; 00, (6.27)
"o
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where we used the identities
cos(m/2 4 06) = cos(m/2) — sin(7/2)60 + ... = —46. (6.28)
and
sin(7/2 + 30) = sin(r/2) + cos(r/2)50 — %sin(w/2)592 4o a1 (6.29)
The solution of the equation (6.27) is harmonic oscillations, i.e.
d6 ~ sin . (6.30)

It follows that the of motion in the central plane is stable against latitudal
perturbations.

Using Hamilton-Jacobi equations determine the equations of motion of a
test particle in Schwarzschild spacetime.

» Solution: Hamilton-Jacobi (HJ) equations for the S field reads
95 _ 1,508 05

“ox ~ 29 Gpe oz (6.31)

where oy
o= —. .32
Pa=5 5 (6.32)

Taking into account the normalization condition of 4-momentum ¢®? DaPB =

—m?2 we obtain a relation

s 1,
2 = 3" (6.33)

In Schwarzschild spacetime the HJ equations are given as
_@ — —lf(’l“)_l @ 24_& @ 2+L % 2_1_; @ ’
ox 2 ot 2 \ or 2r2 \ 00 2r2sin?0 \ ¢ )
(6.34)
Let us look for the solution in separable form

S'=S8\+ 5+ Sy + S + S, (6.35)

In previous exercises we determined two constants of motion, namely
pt = —F and p, = L. Hence, from equations (6.32) and (6.33) we get

oS 08,
Pt = a = E — St = —Et, (636)
95 S,
= _— = — L .
Do % P — S, ©, (6.37)
1 5 @ _0S) _1 9
mto= o=y Sy = 57 A (6.38)
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Using these, the solution (6.35) can be rewritten as

1
S = §m2)\ — Et+ Lo+ S, + Sp. (6.39)

We plug this solution back into (6.34) to obtain

2 2
_%mQZ_lf(,r)—lEQ_'_%f(r) <8ST> + 1 <8S€> + 1 L2.

2 or 2r2 \ 00 2r2 sin? 0
(6.40)
After a simple algebra and separation of r-dependent and 6-dependent
parts we obtain

2 2 2
T 2_ 2 8Sr _ 2.2 859 L _ _
f(T)E f(r)r ( o ) mers = (39 +7sin2l9 = K = const. (6.41)

Substituting the expressions for p, = 95, /0r and py = 9Sy/00 we obtain
two equations:

0P = B g (e ), (6.42)

<p9)2 _ %4 <K - Siij 0> . (6.43)

If we consider the motion in equatorial plane § = /2, p’ = 0 we have
for a latitudal component of 4-momentum

0=K— L (6.44)

This motivates to introduce a new constant of motion, namely Q = K —L?
for which it holds @) = 0 in equatorial plane. Rewriting (6.42) and (6.43)
with this constant of motion in mind we obtain

L? +

R Gl e § (6.45)

2 1 L?

0 2
= — L°— . 4
(p ) r4 <Q + sin29> (6.46)
The remaining equations for time and azimuthal coordinates are clearly
t Pt E
OIIG (647
1 L

p? = (6.48)

B Py = B .
r2sin20° 7 r2sin%0
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Using the Lagrange formalism discuss the motion of a test particle and

— 30 —

photons in equatorial plane of (outer) Schwarzschild spacetime, determine
the conditions for the existence of circular orbits and investigate their
stability via the effective potential Vg (r; L).

Solution: Let us start from the equation of motion for the radial com-
ponent of 4-velocity of a test particle.

[w']* = E* = Veg(r; L). (6.49)
Differentiating it with respect to affine parameter 7 we obtain
du” 1 dVeg
=—— . 6.50
dr 2 dr ( )

On circular orbit it clearly holds u” = 0 and du”"/dr = 0. Putting the
second condition into (6.50) we obtain a formula for determining circular
orbit from the effective potential as

dVeg
dr

0. (6.51)

The stability of circular orbit ry can be investigated via considering a
small perturbation §r. In other words we take r = rg 4 dr. Plugging this
into equation (6.50) we get

= 1dVeg )
or = T = |Taylor series|
1dVeg 1 dQVEﬁr
= ———|,0—=——=|r00
2 dr Iro 2 dr? [rod7 +
1 d*Veg
N =55 |ro0T 6.52
2 dr? [rodr ( )
If )
d=Vs
dTfo lr0 > 0 (local minimum), (6.53)

we see that dr undergoes harmonic oscillation. Thus, the perturbation ér
is bounded, which implies stability of the corresponding circular orbit.

On the other hand, if
d*Vegr
dr?
we obtain an exponential growth of the perturbation dr, which implies
instability of the circular orbit.

lro < 0 (local maximum), (6.54)
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Determine the angle of deflection of a light ray in Schwarzschild space-
time. Assume that the motion of the ray is confined to the equato-
rial plane (0 = 7/2) and that the minimal distance from the center is
Tmin > 2.

» Solution: From the normalization condition of null equatorial geodesics
in Schwatzschild spacetime:

2 2\ !
0=— (1 - ) [ut]? + (1 — > [u")? 4 r2[u?)?, (6.55)
r r
we learn that the equation for radial component of a 4-velocity has a form

[u"]? = [1 = <1 — i) iz] u?, (6.56)

where b = —u,/u; = L/FE is the so-called impact parameter. The equa-
tion for azimuthal component of 4-velocity is simply
o b
uf = S (6.57)

Introducing the reciprocal coordinate v = 1/r and combining equations
(6.56) and (6.57) we otain the following:

<d“)2 1 (1 - 2u)u’. (6.58)
de b2
Differentiating this equation with respect to ¢ we get
u" = —u+ 3u?, (6.59)
where we denoted ' = d/de.
For null geodesics in Minkowski spacetime it holds that
ug = —up, (6.60)
solution of which we take in the form
ug = Asin + B cos p. (6.61)

From the initial conditions we determine constants A and B. The first
detivative of wug is:

1
(up)? = (Acosp — Bsingp)? = =i ul. (6.62)

- 31 —



Problem set for relativistic physics and astrophysics

— 32 —

For ug = 0 (foton at infinity) and ¢ = 0 we, therefore, get A = 1/b and
from equation (6.61) we obtain B = 0. Thus, the solution in asymptoti-
cally flat infinity (r — 00) is given as

1
u =7 sin . (6.63)

Let us consider the solution of the equation (6.59) for finite distance in
the form
u = ug + uy, (6.64)

where u; < 1. To the first order in u; we obtain the equation

3
uf = —uyp + 0 sin? . (6.65)

Instead of solving this, we transform the above into an equivalent form

3
u) +uy = +@(1 — cos2p). (6.66)
Its particular solution can be ascertained in the form

3 3k
Ul = @ — ﬁ COS 2@ (667)

Plugging this into (6.66) give us the following condition

k=——=. 6.68
The result is thus
1 3 1
u= sin p + 22 + o2 €08 2. (6.69)
The angle of deflection is defined via:
d=lp1(u—0) — p2(u — 0)| — . (6.70)
Let
Y1 =7T+e€ (6.71)
and
P2 = €2. (6.72)
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Substituting into (6.69) we obtain the equation

1 3 1
O = Tty o (6.73)
1 3 1
0 = 3ot g T g (6.74)
from which we learn for ¢; and ey the following;:
2 2
~ — ~ ——, 6.75
€=y, e D (6.75)
The angle of deflection is thus
4
d = |eg — eg| ~ 3 (6.76)

Determine the relationship for the magnitude of precesion of the pericen-

>

ter for a test particle moving in the Schwarzschild spacetime.

Solution: As it was show previously, in a spherically symmetric and
static spacetime the motion of a test particle takes place in central plane.
Without the loss of generality we can orient our coordinate system in
such a way that the corresponding central plane is the equatorial plane,
ie. 0 =m/2.

First, let us derive the relativistic version of the Binet’s formula. In
the equatorial plane the relationship for the radial component of the 4-
velocity U" is given as
2M L?
UP=r-(1-—"=)(14+= 6.77
(% (%), (6.77)
where M is a mass parameter of the Schwarzschild’s spacetime, £ = —uy

is a covariant specific energy and L = u,, is the specific angular moment
of of the test particle. Substituting r = 1/u we change (6.77) into the

d 2

<d“> = u* [B2 — (1 — 2Mu)(1 + L*u?)] (6.78)
-

where T is the proper time measured along the geodesic of the test particle.

Together with the relation

d‘lé L 2, 4
(d7_> 7"4 b ( )
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,34,

we obtain differential equation for u = u(y) in the form

(d@> =73 [E? — (1 —2Mu)(1 + L*u?)]. (6.80)
Differentiating this equation and after subsequent algebra we arrive at
the Binet’s formula:

d?u

M
12 +u=— +3Mu*. (6.81)

The first term on the right-hand side corresponds to the Newtonian term,
while the second term represents relativistic correction. In case of Mer-
cury, for example, the ration between the first and second term is

3Mu? 32
=3L%? =" ~107". .82
ML 3L%u 3 0 (6.82)

To solve (6.81) we use perturbation method. Let us first introduce a
parameter

3M?
and we rewrite (6.81) into the form
du M L?
dgp2+u:LQ+€<MU)' (6.84)
Further, let us consider an ansatz
u = ug + euy, (6.85)

where |u;| < 1 and ug is the solution to the classical (non-relativistic)
Binet’s formula, which is a cone-section:

M
ug = ﬁ(l + ecos p). (6.86)

Substituting (6.85) into (6.84) we obtain the equation

" " M L2 2 2,2
ug +euy +ug +eup = ﬁ—i-e i (ug + 2uouie + €“uy)

M L?
T3 te <Mu3> : (6.87)

12
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Since
ufy + ug = T3 (6.88)
we are left with
uf +up = % (1 + ej) + 21;7]\246 cos p + ];4[/622 cos 2¢p. (6.89)
A particular solution of (6.89) can be find in the form
u; = A+ Bysing + C cos 2¢p. (6.90)

After substituting this into (6.89) we have

M 2\ 2M Me?
A+ 2Bcosp —3C cos2p = 7 (1—1—62) —i-ﬁecosgo—i—?LezcosQ(p.
(6.91)

From this, we learn the following relations between parameters A, B and

C:

M 2
M
B = L—f (6.93)
Me?
C = -— T (6.94)

Then, the solution u reads
2

M 2
u:u0+6ﬁ <1+€2—|—e<,osing0—€6cos2g0>. (6.95)

The largest correction to ug comes from ¢ sin, since it grows with in-
creasing ¢. If we neglect the remaining terms the solution can be written
as

M
u > o5 [1+ e(cosp + epsiny)]. (6.96)

Since it holds that

cos(p — ep) = cos g cos(ep) + sin psin(ep) ~ cos p + epsiny,  (6.97)
~1 ~EP
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E9*
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we arrive at the final form

U~ % (14 e cos[p(l —¢)]). (6.98)

The phase difference corresponding to one period is given as

2
o(l—¢€) =21 = ¢p= 171 ~ 2m(1 + €). (6.99)

Thus, the angle determining the magnitude of the precession is given by

6 M2

72 (6.100)

Ap = @, — 21 ~ 2me =

The notion of circular orbits is very useful in understanding the dynam-
ics of particles in curved spacetimes. There are two key circular orbits
marginally stable r,,s, and photon rp, orbits. Let V(r) is the effective
potential of test particle in R-N spacetime and write it in the form

Vi(r) = <1 M, Q2> (b + i’j) (6.101)

r 72

where b = 1 for massive test particles and b = 0 for mass-less particles.
Using following conditions find out radii of those orbits as function of
electric charge parameter Q.

(A) The Marginally stable orbit is determined by the condition

dv a2V
— - =0. .102
T 0 and 32 0 (6.102)

(B) The Photon circular orbit satisfies condition

dVv L2 r2
— =0 and — = .
dr E?2 1-2M/r+Q?/r?

(6.103)
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Black holes

The region where even the light cannot escape from is called the event horizon
and is the boundary that defines the extension of the object we call the black
hole. The passage of time and tidal forces as experienced by an observer falling
down towards physical singularity are examined in this section [1, 9].

Let us consider a test particle which radially falls from r = R on Schwarzschild
black hole. Determine the interval of the proper time A7 which it takes
the particle to arrive at singularity (r = 0) and the interval of the coordi-
nate time At to arrive at the horizon (r = 2). The spacetime line element
has in the Schwarzschild’s coordinates the form

1

dr? + r2d6? + r? sin® 6dp?, 7.1
7 ()

ds? = —f(r)dt® +

where f(r)=1-—2/r.

» Solution: Radially falling particle has the following components of 4-
velocity U* = da*/dr:

U= (U,U",0,0), (7.2)
where the 4-velocity is nomalized as
~1=g, UlU" = (U")? = E* — (1 - 2/r). (7.3)

Here, we have used the existence of the integral of motion U; = —FE which
is interpreted as covariant specific energy measured by static observers at
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infinity. The particle at 7 = R is released at rest which means that the
corresponding value of E? is

F*=1-2/R. (7.4)

For the interval of proper time of a falling particle we hence obtain the
equation

0 dr
= - / ——— (7.5)
R \/2/r—2/R
where the sign ‘—’ means that the particle falls towards the black hole.
The integral (7.5) is solved as follows:

Ar — \/7/ \/; |r/R = cos? n, dr = —2Rcosnsinndn|

= ﬂR?’/Q/ cos? ndn = | cos?n = (1 + cos 2n) /2|
0

2 T2 11 3/2
= \/§R3/2/0 <2 + 5 cos 277> dn = <I;> . (7.6)

To determine the coordinate time At corresponding to the proper time
of a static observer at infinity we use the equation (7.3) and the relation
Ut = ¢®U;. We obtain

U dr (1—2/r)/E?—(1—2/r)
Ut dat E '

(7.7)

This differential equation can be solved simply by integration:

At =

_/2 Edr
r (1=2/r)\/E%2—(1-2/r)

_/2 V1—-2/Rdr (78)
(1—2/r)\/2/r—2/R |

In analogy to the previous case we use the substitution

r/R = cos?n (7.9)
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with which (7.8) turns into

1_2 "o 4
N = L T
sinn —2/R
_J2=2/R)
R

4+ R)n 2v/2 arctanh (ﬁtg">
2R RvVR—2

arccos\/2/R
1
+ icosnsinn (7.10)
0

The dominant term is arctanh(z) as its argument for the upper limit
1 = arccos \/2/R corresponds to x = 1 for which the function arctanh
diverges. Thus means that from the point of view of a coordinate observer
(a static observer at infinity) the test particle never reaches the horizon
of the black hole, while from the point of view of the particle itself the
singularity (and thus the horizon as well) is reached in a finite time.

Determine the components of tidal acceleration experienced by radially
in-falling observer in Schwarzschild black hole spacetime.

» Solution: We start with the equation of geodesic deviation which has
the form
D?[@

= —R%, ,UbICUY, (7.11)

where R is a Riemann tensor, U is the 4-velocity of the in-falling observer
and 1 is the so-called separation vector. We want to find components of
tital acceleration da = D?1/dr? felt by the unlucky observer which is
falling towards the black hole. Hence, we transform the equation (7.11)
into an orthonormal system attached to the freely falling observer, i.e.

DU pa prbgegrd (7.12)
dr2 bed ‘ :

In this system, the separation vector has the zero component 10 =0 and
the remaining components are [' = dr, ZQA =60 a I> = §¢. The zero
components of the 4-velocity is obviously U = 1 and the remaining com-
ponents are zero. The transformation from (7.11) to (7.12) can be made
in two steps: first, we switch from coordinate base to the orthonormal
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base of a static observer

e; = (1—2/r) 2%y, (7.13)
e; = (1—2/r) 2, (7.14)
e; = 1 lep, (7.15)
e; = (rsinf) e, (7.16)

and subsequently by Lorentz transformation (a.k.a. ‘boost’) in the radial
direction we change the basis to the orthonormal basis of a freely falling
observer

eg = U=re;— ey, (7.17)
e = —yve;+ ey, (7.18)
e; = e (7.19)
e; = ey (7.20)

The components of a Riemann tensor in static orthonormal frame can
be ascertained, for instance, using the Cartan formalism (see chapter 3,
Ex2, where we put ¢?*(") = ¢=25(") =1 — 2/r). Hence:

_ t o _pt
it T 30 Réfé_Rﬁ*__?Ts’
R X 1 ) 2
P pf _ - 0 _ “
R go5 = Rprp = r3’ R @0y — 37 (7.21)

Contracting these components with the orthonormal tetrad (7.17)—(7.20)
gives us their expression in the coordinate frame of a freely falling ob-
server:

a/\ A =
bed

a B4 8 pa
e&el; 66 eczR B'AYS’
where greek indices denote components in static orthonormal tetrad. A
specific feature of Schwarzschild geometry is that they are invariant with
respect to Lorentz transformation in radial direction, which can be easily

checked. For instance, the component

R (7.22)

O _.0p  _ _p. o a&aBASH . _
Ri61 =0 Roipr = —Rajor = —€4 eiegeiRdgaﬂs =

[V Rizge + (=70) Rigei + 7* (=70) Ry + 7 (—70)* Rygyz] =
' (1 = v*)* Ry = R (7.23)

PEPe
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Similarly

0 _ pt
R =1

0 _ pi
Rigos = R 50 (7.24)
The resulting components of the tidal acceleration as measured by freely
falling observer are

616’

D2 :

_pi gk

— sl (7.25)
which gives us

D21 2

- = 2
D2 r3(57“, (7.26)
D22 1
— = -0 7.27
D72 it (7.27)
D23 1
— = ——f. 7.2
D2 r3 v (7.28)

Thus, we see that while in radial direction the acceleration is positive
(resulting in stretching of the observer), in remaining two directions it is
negative (resulting in contraction of the observer).

Determine the magnitude and orientation of local electric and magnetic
field in the vicinity of Reissner-Nordstrgm black hole of the mass M and
charge () as measured by the observer on a circular orbit with circumfer-
ence 2mr.

Charged particles are radially in-falling into Reissner-Nordstrgm black
hole with parameters Q> < M?. Show that in this way it is impossi-
ble to turn the black hole into naked singularity, that is an object with
parameters Q2 > M?2.

Consider an observer orbiting a Kerr black hole in equatorial plane on a
circular orbit r = const.

(a) Determine the allowed range for angular velocity Q@ = dy/dt as mea-
sured stationary observers at infinity.

(b) If the orbit is located within the ergosphere, show that from the point
of view of observers at infinity, the orbiting observer cannot be at rest
and must orbit the black hole in the same direction as it spins.

(c) If the observer is between the horizons, show that the observer cannot
stay at the orbit » = const.
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Consider the Sgr A* black hole with mass Mgg,q+ = 4.02 X 10°Mg, (al-
though this black hole rotates, consider it as a non-rotating one). Deter-
mine:

(a) the magnitude curvature tensor at its horizon,
(b) the proper time of experimental capsule that falls from the horizon
to Sgr A*’s physical singularity,

(a) the moment of capsule’s proper time 7 when the tidal forces are of
order of unity.

Consider the star S on circular orbit with radius Ro = 7.9kpc around
Sgr A* black hole with the velocity 7650km/s. The motion takes place
in the equatorial plane of Sgr A*. What would be the magnitude of spin
parameter a of corresponding Kerr spacetime?
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Einstein’s field equations can be applied to the whole universe. The basic tool

of a cosmologist are Friedmann equations, desribing dynamics of the Universe
and Robertson-Walker metric responsible for description of the geometry of the
Universe. These concepts and more are practised in this section [3, 6, 7, 9].

Find a transformation which turns Robertson-Walker (R-W) metric

ds? = —d? + R2(1) |5 Tk 5+ r2(d6? + sin® 0dg?) (8.1)
— RT
into
ds? = —dt* + R*(t) [dx® + S3(x)(d6* + sin® 6dep?)] , (8.2)
where
x for k=0,
Ye(x) =4 siny for k=41, (8.3)

sinhy for k= -—1.

» Solution: The corresponding transformation is clearly
r = X(x). (8.4)
For £k = 0 we get dr = dx and so

ds? = —dt* + R*(t) [dx® + x*(d6? + sin? 0dp?)] . (8.5)
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For £k = +1 we have dr = cos xydy, which together with the identity
sin? y 4+ cos? x = 1 leads to the result

ds? = —dt® + R%(1) [de + sin? x%(d#? + sin? 9d<,02)] . (8.6)

For £k = —1 we have dr = cosh ydy, which together with the identity
cosh? y — sinh? y = 1 leads to

ds? = —dt? + R*(t) [dx? + sinh? x*(d6? + sin® 0de?)] . (8.7)
Derive the formula for cosmological red shift

1+2z=

(8.8)

» Solution: Let us consider a galaxy § with radial co-moving coordinate
x along which an emitted photon is moving. From the condition for the
worldline of an photon, i.e. ds?> =0, we obtain

t2
0= —dt® + R*(t)dy? = —. 8.9
+ Re(t)dx* = x . RO (8.9)

After passage of period Aty, another photon is emiited, which reach the
observer in time t5 + Aty. Thus, we have the equation

(8.10)

to dt to+Ato dt
X ). RO /

1+At R(t) ’

which can be written as
BrAn gy b dt b de il gt
/ +/ _/ +/ A’
t) R(t)  Ji1an R(@) tran B(E) i, R(t)
After subtracting same terms we get

ta+Aty g4 t+At gt
/ — = / —_— (8.12)
to R(t) t1 R(t)

Since during the periods At; the scale parameter is not changing notice-
ably we can say

R(tl) ~ R(tl + Atl) and R(tg) ~ R(tg + AtQ). (8.13)
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After some algebra we obtain the result

Rts) Aty f1

=7 = - 8.14
()~ At~ fo (8.14)

The red shift z is defined via relationship
1+z= fsource/fobserver- (815)

In our case the index 1 corresponds to the source, while index 2 corre-
sponds to the observer. Thus

=1+z. (8.16)

Determine the parameters of Einstein’s static universe and show that that

>

model is unstable.

Solution: We start with Friedmann equations in the form

R?+k
2RR+ R?+k
Simplifying the first, we get
. A
R? = SIQRQ + S R* — k. (8.19)
3 3
Substituting R? into (8.18) we obtain
3 9 8T o 2, .9
2RR = —8mpR* — ?QR + gAR . (8.20)

In order for a universe to be static R = R = 0 must holds. For simplicity,
let us represent the matter with which the Universe is filled as dust, which
is described by equation of state p = 0. Given this, from equations (8.19)
and (8.20) we obtain

A
k=AR?> a 0=08= . (8.21)
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Since A > 0 (from condition ¢ > 0), the geometry of static universe has
a positive curvature, i.e. £k = 1. The radius of Einstein’s universe is thus

Rp = (8.22)

=l

Now it is necessary to adress the question of stability of our solution
against small perturbation of density ¢ and of scale parameter R. For
this purpose we define the following functions

R(t) = \% Y OR(t) and oft) = % +80(t), (8.23)

which we put into (8.20) and retain the terms only up to first order in
OR:

20RVA ~ —%5@. (8.24)

The relationship between §p and d R for a dust follows from the condition
of adiabatic expansion

3
deR) =0 = do=-32L5R=—"A%%R. (8.25)
Rg 47
Thus, we get
OR = ASR. (8.26)

Since A > 0, the solution of this equation is exponentially growing per-
turbation

OR ~exp(t) = instability. (8.27)

Derive the equation for conservation of energy during adiabatic expansion
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(compression) of the universe.

» Solution: The sought equation follows from divergencelessness of a energy-

momentum tensor of an ideal fluid. In other words, we have

u, V, TH =0, (8.28)

" = (p + o)u'u” + pg"”. (8.29)
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Substituting (8.29) into (8.28) we obtain:

U/J,VI/TMV = u,uvu [(Q + p)uMuV + ngV]
= uu [Vulo+p)u'u” + (0 + p)(Vyut)u”
+ (o +p)u"Vyu” + (Vyp)g"]. (8.30)

Let us now prove the following equality

u, Vyut = 0. (8.31)
Proof. Since ufu, = —1,, it is clear that V,(u,u*) = 0. This, in turn,
gives
Vo(uput) = (Vyug)u" +u,Vour = (Vyu,)u! +u'Vyu,
= 2(Vyuu)u" = 0. (8.32)
O

Given the normalization of 4-velocity it follows from the equation (8.30)
that

0 = =Vu(p+ou" —(0o+p)Vou" +u"Vyp
= —u’'Vyo—(o+p)Viu”. (8.33)

It can be shown that the particle density n in the given fluid is conserved,
i.e.

V. (nu") =0, (8.34)
which implies
1 1dn
v1/ Y) = v v I/V VV:**VV - ;-
(nu”) = (Vyn)u” +nVyu¥ = V,yu ann v
(8.35)
Putting (8.35) into (8.33) we arrive at equation
do p+odn
—— — =0. 8.36
dt n dt (8:36)

The particle density is inversely proportional to a proper volume n ~ 1/V
and, hence, dn/n = —dV/V. After substituting this into (8.36) we get
do , otpdV_

dt Voodt (8.37)
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Multiplying this equation by volume V we obtain after some algebra

d(eV) dv
o TP =0 (8.38)

This equation remains us the first law of thermodynamics for adiabatic
process (as the right-hand side is zero). For the universe we speak of
adiabatic expansion or compression.

Let us now calculate the volume of a universe V' in a given time ¢:

V= / \/®gdydfdy = / R3(t)¥2(x) sin dxdfdy = 4w R? / 2 (x)dx.

(8.39)
From this result, it is clear that V ~ R3. After putting this into (8.38)
we obtain the final form of the conservation law for the energy during
adiabatic expansion (compression) of the universe:

d, o dR®
< Sy, 4
@ (o) + =g, (8.40)

Show that in FLRW cosmology (A > 0) all matter dominated universes
with big bang as t — oo asymptotically approach de Sitter universe and
as t — 0 they approach FEinstein-de-Sitter universe.

» Solution: We can rewrite Friedmann’s equation into the form

. C A
R’==—k+ —R? 8.41
7kt R (8.41)

where C' = const. From this equation it is clear that for big R (t — o00)

we have
R~+\/A/3R — R(t) ~exp(y/A/31), (8.42)

which corresponds to de-Sitter universe (k = 0, p = 0, A > 0), whereas
for small R (t — 0) we get

R~C/VR — R(t)~t*3 (8.43)
which corresponds to Finstein-de-Sitter universe (k =0, p =0, A =0).

One of the physical interpretations of cosmological constant is through
the notion of scalar field, ¢, called the ”quitessence”. Assuming spatial
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homogenity (V;o = 0) of the field and R-W metric, the equations of
motion of the scalar field ¢ read

dVv
p+3Hp+—=0. 8.44
PEIHO+ (8.44)
where is V' = V/(p) potential of the scalar field and H is the Hubble
parameter. Show that for sufficiently large value of H and for V, ¢ <<
V(p) we will obtain stress-energy tensor for a cosmological constant.

Solution: The stress-energy tensor of scalar field reads

1 Q
T = Ve Vy o+ guw <29 Vo Vi — V(s@)) : (8.45)
The homogenity requires the validity of the condition
Vip =0 (8.46)

where i runs over spatial indexes. The non-zero components of stress-
energy tensot 7, are

1.
Trr = §<P2+V(80)7 (8.47)

T; = —g95V(p) (8.48)

The condition ¢ << V(¢) further simplifies the 77" component of the
stress-energy tensor, which now reads

Trr ~ V(p). (8.49)

Provided that potential V' (¢) has an interval where it is almost constant
in field ¢ we find out that the cosmological constant stress-energy tensor
can be written in terms of scalar field ¢. Corresponding energ-density op
and pressure py read

on = V(p) (8.50)
and
pa =~ =V (p). (8.51)
Recall that equation of state of cosmological constant reads py = —oa.
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The de Sitter in the (¢, z,y, z) coordinates reads

ds? = —dt® + exp2H t (dsc2 +dy? + dz2) . (8.52)

In this spacetime, let’s assume non-comoving observer and solve the
geodesic equation for them. Find the affine parameter as function of
cosmic time ¢ and show that the geodesic will reach ¢t — —oco in a finite
affine parameter. This example shows, that selected coordinates do not
cover the whole manifold.

The non-relativistic particles have zero temperature T and zero pressure
p. This is a cosmological idealization, however in reality those particles
posses some temperature and pressure, due to their random motion. They
satisfy the equation

p~oT. (8.53)

(A) Find out what is the dependence of the gas of massive particles on
the scale parameter.

(B) Let’s consider neutrinos with mass m, = 0.1eV, and a present epoch
temperature T, = 2K. Find out the redshift corresponding to the
moment when neutrinos become non-relativistic.

Determine comoving particle horizon Ay, and physical particle horizon
dy sizes at given epoch identified with scale factor value a,, assuming the
universe is filled with:

(A) dust (p=0),
(B) radiation (p = o/3).

Compare those comoving horizons with comoving distance xap separat-
ing a point A on CMBR from point B on Earth.

» Solution: Without loss of generality, assume that the photon fol-
lows radial null geodesics, described with line element

ds? = —dt* 4 a®(t)dx>. (8.54)

Clearly, the comoving distance Ay is given by formula

2 dqt 2 da
Ay = — = — Why? 8.55
== e o (3.59)
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The evolution of scale parameter a(t) with cosmic time ¢ is determined
by the fluid properties. For presureless dust the equation of state reads

p=0. (8.56)
Let’s recall that the conservation law of the energy reads
d (QCL3> + pda® = 0. (8.57)

In the case of dust filled universe the last equation simplifies to one that
reads
d (0a®) =0 = o(t) a*(t) = const. (8.58)

Normalizing the scale factor at present epoch to ag = 1 the Friedman
equation will now read

_81Goo _ Hj

2
H 3 a3 a3

= a=Hya /2 (8.59)
Using last equation in (8.55) we obtain formula for comoving distance of
radiation in case of dust filled universe in the form

(" da 2 e g2
M= W_E)(% a’?). (8.60)

The comoving particle horizon distance at epoch t, is the distance that a
photon travels from the Big Bang to the epoch with corresponding scale
parameter a., i.e.

2 19
Ax, = —ai’". 8.61
Xe = @ (8.61)
Corresponding physical particle horizon distance reads
Ad A 2 (8.62)
x — Ox * — T - .
X .

In the case of radiation the equation of state reads

1

_ = 8.63
p=3e0 (8.63)

and the conservation law (8.57) will give equation

d d
?Q - —4;a = o(t)a’(t) = const. (8.64)
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Following similar procedure as in case of dust filled universe we will arrive
to formulas for particle horizon distances in the form

Q%

A = — 8.65

X H07 ( )
a? 1

d a.Ax H, I (8.66)

Looking back at CMBR we observe the Universe when its scale factor
was acupr ~ 1/1300. The comoving distance between a point A at last
scattering surface and point B on Earth now is in case of dust filled
universe

2 1/2 2
XAB = FO (1 - ac{\/IBR) ~ FO (8.67)
The particle horizon distance for point A is
2
Axu(A) = 7 achinn. (8.68)
0

Causally connected region around point A is much smaller then the co-
moving distance between A and B. Problem is that CMBR is highly
isotropic even for causally disconnected regions. We call this ”horizon
problem” of standard model.

Explain the nature of "Flatness problem” and show how inflation theory

,52,

resolves this problem

» Solution: Let us start with Friedman equation

. 8t G k
H? = — (em+0) — - (8.69)
a
Using dimensionless density parameters
0i
Q= —, 8.70
o (8.70)

where is g, critical density for spatially flat universe, i.e.

3H?
= 8.71
0= o7 (8.71)
we rewrite Friedman equation to read
1=Qn+ Q4+ Qg, (8.72)
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where we defined
k k

QK:_W:_E' (8.73)
From CMBR observations it follows that Qx = 0 best fits the data. Qg
is clearly time dependent parameter. In the regime of dust domination ,
i.e. from the epoch when Universe has cooled to 10°K, to present epoch
the scale parameter evolved with time according to relation a(t) ~ t%/3
and therefore the )i parameter scales as Qx ~ T~! (clearly, we have
Qg ~a 2~ t2/3). Since there is @ ~ T~ ! then also Q ~ T~!. From the
observations we can safely consider that |Q2x| < 1. In order to satisfy this
condition at the epoch when cosmic soup was 10*K hot then [Qx| < 1074
When temperature of the cosmic content increases above 10K then its
evolution is driven by radiation domination regime, there a ~ t/2. In
this case the curvature parameter scales as Qx(t) ~ a?(t) ~ T2, If
Q be 10~ at the radiation dominated epoch at temperature T~ 10'°K
(electron-positron anihilation era) then there is [Qf| < 10716 (Why?). In
order to obtain present curvature parameter x| < 1 it must be finely
tuned to zero at early stages of the Universe evolution.

Inflation theory introduces a new phase taking place just Plank time after
Big Bang and that last just 1073%s, but during that stage it undergoes
rapid expansion due to inflantion field with equation of state p = —p =
const. This is the period where Hubble parameter H, remains constant.
The Friedman equation reads

H? = ¥gm (8.74)

and therefore scale parameter evolves exponentially, i.e.

TG

?Qvac(t - 75Pl)] . (875)

a(t) = aprexp [
The Friedman equations, including curvature term, during inflation pe-

riod reads
87 G k

2
H TQUQC — ? (876)

Since gyqc and H are constant then sufficiently large inflation will render
Q. sufficiently small so we can now observer its value almost zero, for any
initial curvature.
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Let p and p are comoving pressure and energy density of the perfect fluid

filling up the model of the Universe. Show that equation of state
p=-—0 (8.77)

implies that ¢ = gy = const.

» Solution: The energy-momentum conservation equation in the case
of expanding universe reads

d (o a3) + pda® = 0. (8.78)
Using equation of state (8.77) then leads to equation (show)
a*do =0 (8.79)

which implies result (since scale factor is clearly non zero)

do=0 = o= 09 = const. (8.80)

Assume the initial inflation phase of evolution of the Universe and let the
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inflation field be cosmological constant A = 879, > 0 with correspond-
ing equation of state p = —p. Determine the temporal evolution of the
scale factor a during this phase of the Universe evolution.

» Solution: The Friedman equation reads

1 G k
= — Ovac — —5- 8.81
30 2 (8.81)

As shown in the previous example 9,4 = const., then the temporal evo-
lution of a(t) is simply encoded in the integral

~1/2
t= / (87rG39wca2 - k> da. (8.82)

H2

For three different curvature parameters k = —1,0, 1 we obtain result
cosh™Y(Ht) for k=—1,
a(t) ~ exp(H t) for k=0, (8.83)

sinh™(H,t) for k=+1.

Here parameter H = /87 G 0yqc/3. This is identical to Hubble parame-
ter only in case of kK = 0. It is worth to note, that in both cases k = +1
the expansion approaches exponential expansion of case kK = 0. It means,
that for large enough inflation phase the expansion parameter will grow
the same regardless initial curvature parameter k.



Einstein’s Equations

Finally, a section devoted to the Einstein’s field equations themselves. The
field equations tell how the energy-mass distribution generates curved geom-
etry of the world and how the geometry influences the energy-mass distribu-
tion. In this section we will practise the derivation of Einstein’s equations
(3,6, 7, 9].

Show that the vacuum Einstein’s field equations follow from the Einstein-
Hilbert action

S:/JﬁR&x (9.1)

where R is Ricci scalar and g is the determinat of the metric g,, (hint:
use identity d/—g = —%w/—ggw,ég””).

» Solution: The Einstein’s field equations come from the variational prin-
ciple of least action which states

5S =0, (9.2)

where the operator ¢ is a variation. Applying it to (9.1) one obtains
55 = / 5 (vV—gR) = / (R6y/—g + 6R v —g) d'a
= / (R6v/ =g + V=gRuwdg" + /—99"" 6 R, d*z. (9.3)

The variation of the Ricci tensor is known to be of the form

/\/—gg“”éRu,,d4:v: /\/—gVHV“d4x, (9.4)
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for certain V#. Notice, however, that the quantity /—gV,V*# represents
a total derivative of V* and, therefore, from Gauss theorem, one finds
out that

/ V=gV, Vtdtr = / dvF = 0. (9.5)
Q o0

Equation (9.3) now reads

69 / (RSv/=g + V—gRudg") d*z

1
= / vV—9 <R;w - QQMVR) 59“”d493 = 0. (9.6)

In the last step, the hint was used. The last equation must hold for any
0g"¥ and therefore we obtain the desired result

1
Ry — 5 9u R = 0. (9.7)

Derive Einstein’s field equations via Palatini variation. In other words,

,56,
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assume no a-priori relationship between the affine connection I'f,, and the
metric g,,, and use the action principle independently for both.

Solution: Variation of the Einstein-Hilbert action with respect to the
(inverse) metric reads

5S 5(v=99*") , oL _
S =0 = e Ban = V(R - SowR) =0, 99)

These would be Einstein’s equations if the connections inside R, and R
were the same as Christoffel symbols. That is indeed obtained once we
vary the action with respect to the connection, which yields

08

220 = 9" =Th g + T (9.9)
6T%,

This is nothing but the metric compatibility condition V,g#*" = 0.



10

Misc problems

Here, various problems of relativistic physics for gaining deeper insight into
relativistic physics are presented [4, 8, 5].

Consider the motion of a neutral test particle in the Reissner-Nordstréom
(R-N) metric field. Its spacetime interval reads

ds? = —f(r)dt* + f(r)"'dr® 4+ r* (d6* + sin® 6dy?) (10.1)
where
2M  Q?
foy=1- 2@ 102)

with @ being an electric charge of the R-N spacetime. Show that there
exists a radius r = i, where a neutral test particle can remain still (the
boundary of the repulsive region).

» Solution: Let us assume motion in the equatorial plane. Then radial
component of the geodesic equation reads

dr\2 2M  Q? L?
Rl - (1 = —) (1 7) . 10.3
(dT) r T3z T (10-3)
Consider a particle with zero angular momentum L = 0.

2
Vest = 1—T+T7—f(r)- (10.4)
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If there is a stable boundary r = 7r,;, between the repulsive and attractive
character of the geometry, then there the following conditions must be
fulfilled: dVeff/dr}T ~ =0and dQVfo/dr?’r - > 0.

Let us do the calculations:

df(r) 2M  2Q? 2
dr Irmi T12nin r?nin fmin M ( )
U
d? 4M - 6Q*  2M3
f(;) - AL e >0. (10.6)
dr T'min T in " min Q6

In the field of R-N naked singularity, there are two test particles sent
toward its center. Both particles have covariant energy £ = 1, angular
momentum L = 0 and rest mass m. The particles are sent with a given
mutual time-delay. After the first particle reaches the turning point, it
turns back and collides with the incoming second particle at some r.
Determine the energy of the collision. Determine the location of the
collision with has maximal energy.

» Solution: The R-N geometry is given by the equation (10.1). The radial
component of particle’s 4-velocity reads

U, E 1

t_ ttpp Yt _ B2 1
Ut=gUi= - =5 = (10.7)
(Ur>2:E2—V;ff:E2—f:1—f = U =+/1-7f.

(10.8)

In the moment of the collision, the 4-velocities of ingoing and outgoing
particles are given by formulae

Ul:(l/fﬁvl_f7070>7 U2:(1/f,_ l_f,0,0) (109)
The energy of collision reads
B2, = —(PL+ P2)% = m2 +m — 2, PP P” = 2m? — 2m2g,, UMU” =

= 2m?[1 - (—i—1+1)} _ dm? (10.10)
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The maximal energy of the collision E% M, max Will be reached at the min-

ima of the function f(r), i.e. at the point ryy, = Q?/M. The formula for
maximal energy of the collision then reads

4m?
EZag max = — 575 - (10.11)
1=

Find out the amount of local acceleration, necessary to keep the test

| 2

particle at rest at a given radius r. Determine the magnitude of this
acceleration at the event horizon.

Solution: Consider spherically symmetric spacetime with spacetime in-
terval

ds? = —f(r)dt® + f~1(r)dr? + r2d6* + r? sin? Od? . (10.12)
The 4-acceleration of particle having 4-velocity u® is given by the equation
= — =u 5 = guf + TG (10.13)

The components of stationary particle 4-velocity are u* = (u’,0,0,0).
The normalization condition implies u' = 1/1/—f(r). Thus, we have

1
a® =T = -9 ——. 10.14
tt( ) ttf(T’) ( )
Clearly, T't, =T, =T, = 0 and
s 1 rr 1 !
T} = 59 (—gm) = I (10.15)

The only non-zero component of 4-acceleration is the radial one, i.e. a" =
—f'/2. The magnitude of the 4-acceleration thus reads

a(r) =V gaﬂaaaﬁ =V grr(ar)2 = 2]://?'

Since f = 0 at the event horizon we get the expected result a(rpo,) = 00.

(10.16)

Consider a test particle which is lowered by a distant observer (usually at

infinity) toward the radius r using infinitely long, massless string. What
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is the magnitude of ax (), of the observer’s action on test particle? What
is the magnitude of aoo (7hor)?

Solution: Consider following mind-experiment. Observer at infinity low-
ers the string by a small proper length ds. Doing so, he performs work

We = aoods. (10.17)
At radius r, the particle moves by proper distance ds, but performed work
is

oW = a(r)ds. (10.18)

Now, let the work 6W be turned to radiation, which is collected at infinity.
Energy of this radiation suffers from gravitational redshift

0Eoe = [ 26w = f1/%ads . (10.19)
The energy conservation implies d Fo, = §W, and thus
fY2a6s = aseds, =  as = fY?a. (10.20)

Inserting into this the expression for a from Eq. (10.16) we will get

1
Uoo = 5f/. (10.21)

The magnitude of the acceleration ao (71 ) is finite at the event horizon.
The Lagrange density of the complex scalar field ¢ with a mass y reads
L =—g"VipV;p* — nPpp*. (10.22)

Using this Lagrange density determine equations of motion of the complex
scalar field .

Solution: Corresponding equations of motion follow from FEuler-Lagrange
equations. For the field ¢* they read

0L > 0L
Vi — =0 10.23
(3(%90*) dp* (1023)
At first, we determine the quantity
0L y
5V J 1024
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and

= —pu“p. (10.25)

Inserting the last two results into Euler-Lagrange equations (10.23) we
obtain

Vi(=97Vjp) +ulp =
~Vig? Vo —g"ViVio+pte =
=0
(V'Vi—p*)e = 0
O-p?*)e = 0. (10.26)

Show that the d’Alambert operator [ for scalar function ¢ can be written
in the form

O = (aiai - riikak) 0. (10.27)

» Solution: The validity of the equation (10.27) can be checked by direct
calculation:

Op = ViVip =V, (¢"Vsp) =|Vig"” = 0| = ¢"*V;Vsp
= |Vspo = 0sp| = g"°Vi(0s) = V;i(0'p) = 0;0"0 +T",,0°p
= (00" +1",0°) . (10.28)

Using the fomula

. 1
I = =8,/ 10.29
j =5 ( )

where is g the determinant of the metric g;;, rewrite the Klein-Gordon
equation as

[\/1_798]4 (gjk\/fgak) - MQ] o = 0. (10.30)
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» Solution: We insert the relation (10.29) into (10.27) to obtain
(00 + T30 1) = 0

1

a\ﬁ—ak—2> =0
= g v e
1

{\/—79 (V=90i0" + Opv/=g0") - uQ] p =0

(aiai +

1 7 2 _
[\/TQ&» (\/Tga)—u]gp = 0. (10.31)

Find equations of motion for a scalar field in the Schwarzschild black hole
background. Look for a solution in separated form.

» Solution: Non-zero covariant components of the metric tensor for Schwarzschild
spacetime read

2 2\ ! ,
gt = — (1 - T) s Orr = <1 - ?”) ; 9o = 7427 gCP‘P = 72 Sln2 0 (1032)
The determinant of the metric is given by
g = —rtsin?6. (10.33)

We now express the equation (10.31) in terms of Schwarzschild metric
and we obtain

1 g tt, 2 : ﬁ 2 rr 2 - g
{r2sin9 [8t< " Sme@t) +8r <g " Sme@r *

2 00,2 . 2 2 i 0p,.2 o 3 2 _
+89<g r<sin 95’9 +8cp g rsm@ago pe e ®=0. (10.34)

After some algebra we have the final form
9% L1 0*® N 9] ( 2)a<1> N
_ Z A p(r —92)22
r—20t2  sin?# 0p  Or or

+sin9% (Sm980 — per <I>) = 0. (10.35)

Due to spherical symmetry and temporal independence of Schwarzschild
metric we seek the solution of this differential equation in the form

d=e “R(r A0, p). (10.36)
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Now, let us insert (10.36) into (10.35) and calculate individual partial
derivatives first. We obtain

0P it 0*® 9 it
— = WIRA — = WIRA 10.
T iwe "“'RA, 52 wie "“'RA, (10.37)
0P it 5 OA %P it OFA
— o iw —— —egwiRp— 10.
95 e Rago’ 2 e R&pQ ) (10.38)
and
0 9 0P it 4 AR it JA*R
— —2r)— | =2(r—1e ™A— —2)e”"“"A——, (10.
B <(r T) 8r> (r—1)e I +r(r—2)e 2 (10.39)
o (. 0P it 0A L 9%A
Il =) = wip=_ WiR— . 10.4
50 <sm€86> cos fe R69+Sm96 R892 (10.40)
Thus, we have arrived at the equation
o, 1 9?4 2(r—1)dR

r—2" +Asin206g02+ R dr

r(r—2)d?R cotd A 109%A

R a? R 09  A00%

This equation is clearly separable into radial and angular parts, i.e. we
write down this separation in symbolic way

P(r)y=W(9, ). (10.42)

— u?r? =0, (10.41)

Clearly, this equation must be fullfilled for any r, € and ¢, i.e. both, left
and right sides must be equal to the same constant, say K. In this way
we get two equations

d’R dR r3w? 9 9
—2)— +2(r—1)— — - K = 10.4
=25 2 )dr+<r_2 2 )R 0 (1043)
and 0%A 0A 0%A
1
—_— t0— 4+ — — KA =0. 10.44
sin? @ Op? o 00 + 062 ( )
Assume a braneworld static black hole solution with the spacetime inter-
val
ds? = —f(r)dt? + f(r)"'dr? + r?(d6? 4 sin? 0dp?), (10.45)
where oM b
=(l1—-——+4+—=. 10.46
s = (1= 1) (10.46)
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(A)

(B)
(©)

(D)

Discuss existence/non-existence of the event horizon with respect to
the tidal charge parameter value b.

Determine loci of the marginally stable and photon orbits.
Determine Keplerian frequency Qx = u? /ul (u# is 4-velocity vector)
of test massive particle on circular orbit and discuss its properties
with respect to braneworld tidal charge parameter b.

Determine frequency shift g of the radiation emitted from the source
on circular orbit and discuss its properties with respect to the tidal
charge parameter. Recall that g is defined as

k:“u”|ob

g (10.47)

kyub|em

where is k* the photon propagation 4—vector, u* is the 4-velocity of
observer (ob)/emitter (em).

Consider a scalar field ¢ of mass m determined by the Lagrangian density

1 1
L= (Vo) + §m2<p2. (10.48)

Discuss the violation of the following:

(A)

(B)

Strong Energy Condition which states
T 14
<THV - 29/,11/) V“V Z 0 (1049)

where T}, are components of stress-energy tensor 1" = T", and VH
is any time-like 4-vector.

Null Energy Condition stating
Twk'E" >0 (10.50)

where is k* any null 4-vector.

(C) Weak Energy Condition that states

T, VAVY > 0. (10.51)

Recall that the stress-energy tensor corresponding to scalar field ¢ reads

,64,
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T = VeV e = Sg" ((Vp)? + m?p?) . (10.52)
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Consider Kehagios-Sfetsos (K-S) compact object. Its geometry is given

by the spacetime interval

1

ds? = —f(r)dt> + 7 )dr2 + 72(d6* + sin® fdp?) (10.53)
T
where is 12
AM
=147rwl|l- (14— . 10.54
flr) + rew < +w7"3> ] (10.54)

Analyze the circular photon and massive particle orbits to show that

(A) there are two photon orbits for Hofava parameter w > wys pn = %
(for w < wWps.pn there are no photon circular orbits - why?)

(B) there is particular interval of Hofava parameter wp,s < w < Wpsph
where there exist two marginally stable orbits of massive particles.

(C) there is a static radius s in K-S spacetime, where a massive test
particle remains still relative to static observers at infinity and is

given by formula
rstat(w) = (2(‘1)_1/3- (1055)
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Newton’s epilogue

It is good to remaind that Newton’s theory of gravity still holds in the regime of

small velocities and weak gravitational field. Let us in few problems recall the way
Newton’s theory make it possible to touch planets and stars. The key ingredients
are the law of gravitational force

m M

F=-@
r3

7 (11.1)

stating that the gravitational force is colinear with radius vector r but is of opposite
direction and its magnitude if proportional to masses m and M that are mutually
attracted and that the force magnitude decays with square root the mutual distance
of the bodies.

Determine the gravitational constant G with torque pendulum.

» Solution: This method, to dermine gravitational constant, was performed
by sir Cavendish in the period 1797-1798. Let us consider a device depicted in
Fig. (11.1). At the end of the wire, there is a rod with two balls of masses m
attached to its endpoints. Two masses M attract the smaller masses m due
to mutual gravitational force. As the wire is twisted then its tension generates
torque 7' against to the torque 7 of the rod. When angle o = « the balance
between the two torques is established. Let us write down the mathematics
behind this experiment.

1. The gravitational attraction between bodies m and M is determined by
Newton’s law of gravity (11.2). The magnitude of gravitational force
between two bodies with masses m and M separated by the distance d
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reads v
m
F=G 7 (11.2)
2. Both small bodies act on the wire with the torque
7= §F+ gF:LF. (11.3)

3. The balance between the wire torque 7/ and the gravity force torque 7 is
established at angle «g. For small o, Hooks law applies, i.e.

= —Kkap (11.4)
and the balance leads to the equation
I7'|=|7| = kap=LF (11.5)
or, when using equation (11.2) for the force F, to the equation

m M
In order to determine the Gravitational constant the wire tension parameter
% must be determined. Let us remove, for a while, large masses M from the
experiment. We are left with the torque pendulum. The torque 7 and angular
momentum B are related by the equation

—

dB
7 11.7
% =7 (11.7)

where angular momentum Bis given by formula

B=1I& (11.8)

where I is moment of inertia od pendulum and & is its angular frequency. In
therms of norms of 7 and B the equation of motion of torque pendulum reads

d
Id—i = —ka (11.9)
or better )
d“« K
— = ——q. 11.1
a2 7 (11.10)
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Clearly, the solution to this equation will read

a(t) = ag cos \/§t (11.11)

assuming that the initial conditions are o(t = 0) = ap and &(t = 0) = 0. The
corresponding angular frequency, clearly, is given by the formula

w=4/=. (11.12)
The period of this pendulum is easily determined to read

7= 271'\/7. (11.13)
w K

For the case of the rod with two same balls of masses m attached to its ends,
the moment of inertia reads

L\? L\* 1
I=m|= — ) =-mL? 11.14
m <2> +m <2> 5 ( )
The period of the torque pendulum and the coefficient x are related by the
formula ) )
2m*m L

Finally putting (11.15) to (11.6) we arrive to formula, that determines the
value of the gravitational constant G in the form

2m2apd? L
G = % (11.16)

Using knowledge of the gravitational constant magnitude, determine mass of
the Earth.

» Solution: For simplicity, let us model the Earth with a sphere of ra-
dius Rg (this simplification is sufficient for understanding the determination
of Earth’s mass). The acceleration of gravity, gg, at its surface is simply

Mg

9 = G?% (11.17)
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Figure 11.1: Schematic illustration of the Cavendish experiment, that determines
the magnitude of gravitational constant G.

which implies that the mass of the Earth is just

R

We know G and Rp, but we have to find a way to determine gg. Let us
consider, again, a simple pendulum experiment. We have a small ball of mass
m attached to massless rope of length [ (see Fig.11.2).

The equation of motion of the pendulum is easily determined from the La-
grangian L, that in the case of our pendulum reads (note I = %mlz)

1 1
L = 502 + 5[&}2 —ggmh (11.19)
3
= Zml2w2 —geml(l —cosyp). (11.20)
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Figure 11.2: A schematic figure illustrating configuration of the pendulum, to de-
termine gravitational acceleration, gg, at Earth’s surface.

The Euler-Lagrange equations
d /0L oL
— = ]—-—=—=0 11.21
dt (%) d¢ (1121
together with Lagrangian (11.20) to equations of motion

dw 29 .

—_— = - . 11.

% 3 Sine (11.22)
For small values of ¢ last equation will read

% 29g

— o~ —— 0, 11.23

@z 317 (11.23)
Of course, this is the equation for harmonic motion. With initial conditions
o(t =0) = o and $(t = 0) = 0 we arrive to solution

2
©(t) = ¢o cosy/%t (11.24)
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with angular frequency

_ . |?9E
w=1/% (11.25)

Corresponding period 1" of pendulum motion reads

2 3l
T="=2m]—. 11.26
w T 29E ( )

The gravitational acceleration at Earth’s surface is determined by the formula
gp =417 —. (11.27)

Putting last the formula into equation (11.18) we obtain relation that deter-
mines mass of the Earth

Mp =4n*=E (11.28)

Determine mass of the Sun and Planets from third Keplerian law.

» Solution: The Sun and a planet revolve around mutual center of mass
that determine the trajectory of the planet. It is an ellipse with major semiaxis
ap. If the period of planet motion is 1" then the third Keplerian law states
3

a’p 1

= = — (Mg + Mp). 11.29
Now, we already know the mass of one of the planets, the Earth. From equa-
tion (11.29) we determine mass of the Sun, Mg, in terms of Earth orbital
parameters, i.e. we get the formula

3
Mg = 4772%’5 ~ Mpg. (11.30)
E

Once we know the mass of the Sun, we determine, masses of other planets.
The corresponding formula reads

3
Mp = 47r2;—]; — Ms. (11.31)
P
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